
plate; V0, je t  veloci ty  at a hole; V6, j e t  ve loc i ty  at  d is tance  5 f r o m  the source;  y2, d ispers ion;  NNu, Nusse l t  
number;  NRe, Reynolds number ;  and N p r ,  P rand t l  number .  
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A CIRCULAR 

CROSSFLOW 

T U R B U L E N T  J E T  I N  A 

Y u .  P .  V y a z o v s k i i ,  V.  A .  G o l u b e v ,  UDC 532.525.2 
a n d  V.  F .  K l i m k i n  

An in tegra l  method is p roposed  fo r  calcula t ing a c i r cu l a r  turbulent  jet  propagat ing in a c r o s s -  
flow. The je t  p a r a m e t e r s  obtained by a n u m e r i c a l  method for  d i f ferent  values  of q were  c o m -  
pared  with exper imen ta l  data.  Sa t i s fac to ry  a g r e e m e n t  between the se ts  of data was found. 

The in terac t ion  and mixing of j e t s  with a c ross f low is a complex fo rm of je t  flow, and the study of the 
propagat ion  of such je ts  is impor t an t  for  planning and designing equipment  and devices  in which mixing takes  
place.  Severa l  works by fore ign and domes t i c  authors  have been devoted to the theore t ica l  [1-5] and e x p e r i -  
menta l  [6-13] study of the laws of mixing and p ropaga t ion  of turbulent  je t s  in a crossf low.  As a rule ,  the theo-  
re t ica l  s tudies [ 1-5] a r e  based  on in t eg ra l  methods ,  a s s u m e  an i n c r e a s e  in je t  width, and make  var ious  other  
assumpt ions  regard ing  the conditions of m o m e n t u m  conservat ion .  Most of the invest igat ions have focused on 
de termining  the jet  axis ,  and only ce r t a in  s tudies  have examined laws of change in width, axial  velocity,  ap-  
paren t  additional m a s s ,  and o ther  p a r a m e t e r s .  

It  was shown in [ 5] that a je t  p ropaga t ing  in a e ross f low does not p o s s e s s  the p rope r ty  of s imil i tude.  This 
is evidenced f i r s t  of all  by the fac t  that,  in the cons t ruc t ion  of l ines of equal velocity,  the c ro s s  sect ions  of the 
jet  change f r o m  a c i r cu l a r  to a h o r s e s h o e  shape.  Such a change in je t  development  along i ts  length leads to 
p rob l ems  in analyt ical ly  desc r ib ing  p ro f i l e s  of  veloci ty ,  t empe ra tu r e ,  and concentra t ion  in its c r o s s  sect ions.  
In connection with this,  i t  was p roposed  in [ 11] that  the jet  flow region be broken  down into th ree  sect ions ,  
within each of which the flow could be  a s s u m e d  to p o s s e s s  the p rope r ty  of s imil i tude.  Meanwhile, according to 
the data in [ 11], the de te rmin ing  change in the  c r o s s - s e c t i o n a l  shape of the je t  occurs  in the ini t ial  sect ion.  
However ,  this was not conf i rmed  by the e x p e r i m e n t  in [7].  In the p re sen t  work,  we a t tempt  to analyt ical ly  de-  
t e rmine  the above je t  p a r a m e t e r s  within a b r o a d  range  of values  of the hydrodynamic  p a r a m e t e r  ~ (4 ~ q  _ 
400). The method of calculat ion is  ba sed  on s e v e r a l  a ssumpt ions :  the je t  axis is the locus of the points where  
the veloci ty  for  each sect ion no rm a l  to the d i rec t ion  of the jet  is maximal ;  the je t  is bounded by the sur face  on 
which the excess  veloci ty  in the d i rec t ion  of the axis  d e c r e a s e s  to l e s s  than a specif ied low value. 

Sergo Ordzhonikidze Moscow Aviat ion Inst i tute .  T rans la t ed  f r o m  Inzhenerno-F iz ichesk i i  Zhurnal,  Vol. 
42, No. 4, pp. 548-554, Apri l ,  1982. Original  a r t i c l e  submit ted  March 23, 1981. 
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Fig. 1. Drawing (a) and t r a j e c t o r y  (b) of je ts :  1-8) q = 4.75; 10; 
16; 25; 50; 125; 200; 400, respec t ive ly ;  c l ea r  p o i n t s -  [9]; da rk  
points - [ 10]; curves  - ea le .  

We will examine an i so the rma l  j e t  of i ncompres s ib l e  fluid issuing f r o m  a c i r c u l a r  hole no rma l  to the 
crossf low.  The propagat ion of the je t  in the un i form c ross f low is desc r ibed  in a r ec tangu la r  s y s t e m  of coord i -  
nates ,  X, Y, Z, wi th i t s  or igin at  the cen te r  of the hole f rom which the je t  e scapes  (Fig. l a ) .  The equation of 
equi l ibr ium of the fo rces  acting on an i so la ted  e lement  of the je t  p ro jec ted  onto a normal  to the jet  axis has 
the f o r m  [ 1] 

dP = - -  d@, ( 1 ) 

where dP is  the pro jec t ion  onto the no rma l  of the force  f rom the p r e s s u r e  field acting on the side of the e le -  
ment; d 4~ is  the centr i fugal  fo rce  which a r i s e s  with the motion of the e lement  ove r  the eu rv i l inea r  t r a j ec to ry .  
It can be desc r ibed  thus : 

d@ = pUsS dt, (2) 
R 

where U is  the m e a n  m a s s  velocity,  de te rmined  f r o m  the fo rmula  

1 
U =  S 

N 

The fo rce  of the p r e s s u r e  dP is  desc r ibed  by analogy with flow about a solid and is  propor t iona l  to the e h a r a e -  
t e r i s t i e  f ronta l  a r ea  and the veloci ty  head, which is calculated f r o m  the pro jec t ion  of the e ross f iow veloci ty  
onto the axis  normal :  

dP = C~ pfU~ sin2abzdl, (3) 
2 

where  Cn is the d rag  coefficient ,  dependent on the dynamic heads of the je t  and flow. 

Allowing for  (2) and (3), Eq. (1) takes  the f o r m  

C~ of_U} sin2abzd l pU2S dl. (4) 
2 R 

Equation (4) is  solved using var ious  assumpt ions  regard ing  conserva t ion  of momentum.  Analys is  of ca l -  
culated r e su l t s  shows that assumpt ion  of conserva t ion  of the momentum pro jec t ion  along the Y axis or  con-  
s tancy of excess  momen tum along the je t  does not lead to sa t i s f ac to ry  a g r e e m e n t  with the empi r i ca l  data,  
especia l ly  a t  low ~. At high q, the above assumpt ions  give r e su l t s  c lose  to the exper imenta l  findings. Thus, 
we will use  the assumpt ion  of constant  total  momen tum along the je t  [4],  which leads to the bes t  a g r e e m e n t  
between the calculated and exper imen ta l  data: 

pU2S = pcU~ So = const. (5) 

Allowing for  the assumpt ion  (5), Eq. (4) is  writ ten:  

C,~Rb~ sin~a = - - -  ~ (6) 
2 
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Introducing the well-known relat ions 

y,, 

we reduce Eq. (6) to the following form:  

m y, 
, sing -- 

V 1 4 _ ?  ,~ 

We determined the change in jet width bz along the jet f rom the width of the submerged jet bs using an empir i -  
cal cor rec t ion  accounting for  the effect of the c ross  flow: 

( -) b~ = b s 1 + L6-q ~ ~/2-- arctg Y' ~- . . ( 8 )  

The following relat ion is proposed for finding the coefficient of expansion of the submerged jet: 

C 2l~bS _C~=x[1.634__0.317(lg100 PHPr~)] . (9) 

It follows f rom (9) that C dec reases  with increas ing  distance f rom the nozzle edge for  a jet with a density at 
the nozzle outlet Pc which is less  than ambient density PH, while it inc reases  for a jet with Pc > PH. The co-  
efficient of expansion remains  constant for submerged jets of an incompress ib le  fluid (Pc = PH = Pro):  C = 
C~= 1 = 0.167. The distance f rom the pole of the jet  to the section in question l 1 = lpo + l inc reases  with the 

jet density, since the distance f rom the nozzle edge to the pole /po inc reases .  For  a submerged jet of an in- 
compress ib le  fluid, /po = 3dc [13], Substituting empir ical  relat ions (8) and (9) into (7) and effecting cer tain 
t ransformat ions  using the new variable  p = y ', we obtain 

P' 4 C C ~ P ~  1 + = ~  l~~ p 2 ( I + p 2 " T  (10) 

The following empir ica l  relat ion is proposed for the drag coefficient Cn on the basis where 7 = ,f VV#p~ax.  
0 

of general izat ion of the empir ieal  data on jet  axis t r a jec to ry :  

C, = 1.05q ~ (11) 

Equation (10) was solved on a computer  by the finite differences method (Eule r ' s  broken line) using second- 
o rder  boundary conditions: 

dY 
at X = O: Y = O, ~ -  = t g - ~ -  

T h e  relat ive e r r o r  of the calculations was no g rea te r  than 1% with a mesh  corresponding to 0.01 nozzle 
diameter .  The calculations gave us values of jet  width bz and jet  axis coordinates  X and Y. Figure lb shows 
the t r a jec to ry  of the jet axis for  different values of ~. It is apparent  f rom Fig. lb that the calculations agree  
with the experimental  data. The change in width along the jet  -1 is shown in Fig. 2. The rate  of inc rease  in 
width at small  distances f rom the nozzle (T = const) is g r ea t e r  at low values of 5, while the change in width at 
substantial distances f rom the nozzle is more  substantial for  jets with high values of q. This pat tern of in- 
c rease  in jet width is explained by the fact that, at low values of q, velocit ies at the nozzle outlet and the 
static p r e s s u r e  around the jet  a re  redis t r ibuted under the influence of the crossf low.  Interaction of the jet with 
the c ross  flow causes an increase  in static p r e s s u r e  in front  of the nozzle and a dec rease  in exhaust velocity in 
the front par t  of the jet (orifieing of the top par t  of the nozzle) ,  while an inc rease  in velocity in the la tera l  r e -  
gions of the jet at the nozzle edge indicates the existence of external ra refac t ion  regions on the sides of the 
r ea r  par t  of the jet. A pai r  of eddies of opposite rotation is thus crea ted  close to the nozzle, and the grea tes t  
ra refac t ion  is seen at the si tes where the eddies a re  originated, i.e., at the sides of the nozzle. This phenom- 
enon leads to s tretching of the jet  in the t r a n s v e r s e  direct ion and, thus, to an inc rease  in jet width. The in- 
c r ease  in width dec reases  markedly with increas ing  distance f rom the nozzle,  since - as is evident f rom Fig. 
lb - the jet becomes a coeur ren t  s t r eam fai r ly  rapidly. With high ~, the momentum of the jet near  the nozzle 
is significantly higher than that of the erossf low, so the p resence  of ra refac t ion  regions at the sides of the noz-  
zle does not cause the expansion of the jet near  the nozzle seen with low values of ~. Here, the inc rease  in jet 
width is not great ly  different f rom that of the submerged jet. However, due to the decreas ing velocity of the jet 
with increas ing distance f rom the nozzle,  the sides of the jet  come to be influenced to the same degree by the 
crossf low as in the ease of jets with low q, and the rate  of inc rease  in width inc reases .  
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Fig. 2. J e t  half-width: 1, 2) g = 10; 3, 4) 25; 5) 200; 
6, 7) q = co (1, 3 -  [3]; 6, 7 -  [13]; 2, 4, 5 - our  data; 
curves  - calculated).  
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Fig. 3. Axial  veloci ty  of jet: 1) ~ = 6; 2) 10; 3-6) 25; 7, 8) 50; 
9-11) 100; 12, 13) 200; 14-16) 400; 17) ~ = ~o (1, 2 - [ 3 ] ;  5, 7, 
1 1 - [ 8 ] ;  4, 6, 8, 9, 12, 15, 16--[61;  1 4 - [ 2 ] ;  1 7 - [ 1 3 ] ;  3, 10, 
13 - our  data; curves  - calculated).  

F igure  3 shows the change in axial  r e l a t ive  excess  ve loc i ty  along the jet  for  d i f ferent  values  of q. It fol-  
lows f r o m  the data that  a d e c r e a s e  in ~ is accompanied  by a reduct ion in the s ize  of the initial  sect ion and an 
i n c r e a s e  in the r a t e  of d e c r e a s e  in axial  velocity.  These  f ac to r s  lead to an i nc r ea se  in the range  of the je t  with 
an i nc r ea se  in q. By range,  we mean  the d is tance  f r o m  the nozzle  to the point on the je t  axis where  the excess  
veloci ty  is  1070 of the excess  veloci ty  at  the nozzle  outlet. It follows f rom Fig. 3 that at  ~ = 6 the range  is 
equal to f ive nozzle  d i a m e t e r s  ( / / d  c = 5). This effect  is connected with the fact  that at low ~ the je t  rapidly 
loses  i ts  individuality as a r e su l t  of mixing of the working body of the je t  with the crossf low.  The exper imenta l  
data shown in Fig. 3 is ve ry  sa t i s fac to r i ly  descr ibed  by the empi r i ca l  fo rmula  

[ ( 1 - -  exp y2 I / -q+  cos q , -  1 
u m - - u f  = (12)  
Uc - -  Uf ~ / ~ - -  1 

The r e su l t s  of calculat ion of axial  veloci ty  along the length of a submerged  je t  in [ 13] a r e  shown by the dashed 
curve  in Fig. 3. The apparen t  additional m a s s  of the je t  was de te rmined  with the assumpt ion  of conserva t ion  of 
momen tum (5), which was desc r ibed  in the fo rm 

GU = G~Uc. (13) 

It follows f r o m  (13) that finding the apparen t  additional m a s s  requ i res  knowledge of the change in the mean 
m a s s  veloci ty  U along the je t  for  d i f ferent  values of ~. Based on physica l  cons idera t ions  and the exper imenta l  
data,  the following empi r i ca l  re la t ion  is p roposed  between mean  m a s s  veloci ty  U and axial  ve loci ty  urn: 

U - - U f c ~  - - 1 - - e x p (  - 0 , 0 3  ~- ) 
u ~ - -  Uf. cos cr l- ~ + In 0.75 . (14) 

Then the express ion  for  the re la t ive  apparen t  additional m a s s  can be wri t ten thus: 

G - - G r  i - -  1 .  
[ ( 0.5q0"~ ) ;  cos~ (15) G c ( U - - O f c o s a t  1--exp -/2 l / q  

\ u ~  - -  Uf cos ~ ] -~ 
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Fig. 4. Apparent  additional m a s s  of a jet: 1) q = 6; 2, 
3) 16; 4) 25; 5) 34; 6) 60; 7) 100; 8) 250; 9) q =  
(1, 2, 4 - [ 3 ] ;  3, 5, 6 - [ 7 ] ;  9 - [ 1 3 ] ;  7, 8 - o u r  data; 
curves  - cale.  ). 

F igure  4 shows resu l t s  of calculat ions with Eqs.  (15) and exper imenta l  data  f r o m  [3, 7] on the apparen t  
additional m a s s  of a jet. The exper iments  in these  works ,  conducted at the s a m e  values of q, c ame  up with 
quite d i f ferent  r e su l t s .  F o r  example ,  for  ~ = 16 and- /=  7, the apparen t  additional m a s s  is 9.5 accord ing  to [3] 
and 2 according to [7].  These  works also show a qual i ta t ive d i f ference  in the c h a r a c t e r  of change in apparen t  
additional m a s s  in re la t ion  to 5- With T= const  and a d e c r e a s e  in 5, the apparen t  addit ional m a s s  of the je t  in-  
c r e a s e s  according to [3] and d e c r e a s e s  according to [7]. The d i f fe rences  in apparen t  additional m a s s  values  
in [3] and [7] compl ica tes  compar i son  of these  se ts  of data with the calcula ted resu l t s .  However ,  a qual i ta t ive  
explanation of the calcula ted data can be found if we follow the behav ior  of je t  width (see Fig. 2) and the de -  
c r e a s e  in the axial  veloci ty  of the jet  (see Fig. 3). The p r e s e n c e  of the pa i r  of eddies a t  the s ides of the nozzle  
in the case  of low q leads to intensive suction of a i r  into the jet  f rom the region nea r  the nozzle  [ 12]. The e j ec -  
tion capaci ty  of these  eddies is substant ia l ly  g r e a t e r  than the turbulent  mixing of the submerged  jet ,  due to the 
high degree  of turbulence  in the vicini ty of the eddies.  However ,  with inc reas ing  dis tance f r o m  the nozzle,  d i s -  
s ipation of the energy of the eddies and d e c r e a s e  of the veloci ty  of the je t  resu l t  i n  a d e c r e a s e  in the eject ion 
capac i ty  of the la t te r ,  and the i n c r e a s e  in apparent  additional m a s s  becomes  slight. With high values of q, the 
reduct ion in axial  ve loci ty  and change in je t  c r o s s - s e c t i o n a l  d imensions  at shor t  d is tances  f r o m  the nozzle  di f -  
f e r  l i t t le  f rom the laws of development  of the s u b m e r g e d  jet,  so that the je t  has nea r ly  the s a m e  eject ion c a -  
paci ty.  With inc reas ing  d is tance  f r o m  the nozzle,  the m a s s  inc rement  gradient  i n c r e a s e s  as the je t  i s  developed 
in the c r o s s f l o w , b e c a u s e t h e v e l o c i t i e s  of the jet  and c r o s s f l o w b e c o m e  comparab le  and the laws  of i nc r ea se  in ap p a r -  
ent additional m a s s  become  the s a m e  as for  je ts  with low values  of ~ at shor t  d i s tances  f r o m  the nozzle .  

It should be noted in conclusion that, for  je t s  with low 5, width (Fig. 2) and apparen t  additional m a s s  
(Fig. 4) i n c r e a s e  m o s t  rapidly  at shor t  d is tances  f rom the nozzle.  Such a mutual  change in these  p a r a m e t e r s  
is connected with the fact  that  weak je ts  flowing no rma l  to a c ross f low of comparab l e  ve loc i ty  b e c o m e  c o c u r r e n t  
s t r e a m s  not fa r  f r o m  the nozzle.  Converse ly ,  for  je ts  with high values of 7, the i n c r e a s e  in width and apparen t  
additional m a s s  and d e c r e a s e  in axial  veloci ty  close to the nozzle  occur  in qual i ta t ively the s a m e  way as with a 
submerged  jet .  Here ,  the je t  is hardly  def lected f r o m  i ts  initial  d i rec t ion by the e ross f low.  Only with i n c r e a s -  
ing d is tance  f r o m  the nozzle,  as the jet  loses  veloci ty,  does it  begin to bend; width and apparen t  additional m a s s  
begin to i n c r e a s e  m o r e  rapidly .  

N O T A T I O N  

de, nozzle  d i ame te r ,  m; l, d is tance  along je t  axis ,  m; T, ra t io  of d is tance  along je t  axis to nozzle  d i a m e -  
ter ;  Yaxs,  je t  axis coordinate ,  m; Uc, Uf, init ial  ve loc i t ies  of jet  and flow, r e spec t ive ly ,  m / s e c ;  Pc, Of, dens i -  
t ies of jet  and flows, kgf/m3; ~ = PcUc 2/pfU~, ra t io  of ve loci ty  heads of je t  and flow. 
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INTENSITY OF HEAT EXCHANGE NEAR A 

STAGNATION POINT IN THE COURSE OF 

PERIODIC VARIATION OF THE SURFACE 

TEMPERATURE 

V. L. Sergeev and A. S. Strogii UDC 536.24.01 

We p re sen t  the solution of the nons ta t ionary  p rob lem of heat  exchange nea r  a stagnation point 
of the flow at  a b a r r i e r ,  r ep re sen t ed  by a spher ica l  su r face ,  when the su r face  t e m p e r a t u r e  of 
the body is per iod ica l ly  var ied .  

In p rac t i ce ,  one often encounters  the case  of heat  exchange between a flow and a b a r r i e r  when the p e r i -  
odic var ia t ion  of the flow p a r a m e t e r s  is c lose  to s tepl ike.  An example  is  the applicat ion of ob tu ra to r  devices  
which per iodica l ly  cut off the flow f r o m  a heated b a r r i e r  [ 1 ]. The burning of an e lec t r ic  a r c  in a l inear  p l a s -  
mot ron  with shor t  e l ec t rodes  r e p r e s e n t s  blowing and ignition at high f requency [2],  which leads to a per iodic  
change of t e m p e r a t u r e  of the genera ted  jet.  The re  a r e  si tuations when heat  is  exchanged in the cour se  of p e r i -  
odic var ia t ion  of the su r f ace  t e m p e r a t u r e .  

The r e su l t s  of invest igat ion of the c h a r a c t e r i s t i c s  of a heat exchange with a b a r r i e r  on a model of the 
p r o c e s s ,  r ep re sen t ed  by a s tepl ike  per iodic  var ia t ion  of the su r face  t e m p e r a t u r e  between a r b i t r a r y  values,  a r e  
given below. The full per iod  is divided into two dif ferent  t ime  in te rva l s  during which the t e m p e r a t u r e  is con-  
stant.  The change of t e m p e r a t u r e  takes  p lace  at the ends of the t ime  in te rva l s .  

In the solution of this p rob lem,  we have made  a p r e l i m i n a r y  study of a nonsta t ionary  heat  exchange at a 
s tagnation point of a sphere  a f t e r  a s tepwise  change of t e m p e r a t u r e  of the su r face  (or  of the flow). As in [3, 4], 
the flow is  a s s u m e d  to be subsonic,  laminar ,  and s ta t ionary ,  and the p r o p e r t i e s  of the liquid a r e  a s sumed  con- 
stant.  
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